It has long been recognized that the osmotic transport characteristics of membranes may be strongly influenced by the presence of unstirred concentration boundary layers adjacent to the membrane. Previous experimental as well as theoretical works have mainly focused on the case where the solutions on both sides of the membrane remain well mixed due to an external stirring mechanism. We investigate the effects of concentration boundary layers on the efficiency of osmotic pumping processes in the absence of external stirring, i.e. when all advection is provided by the osmosis itself. This case is relevant in the study of intracellular flows, e.g. in plants. For such systems, we show that no well-defined boundary-layer thickness exists and that the reduction in concentration can be estimated by a surprisingly simple mathematical relation across a wide range of geometries and Péclet numbers.
Introduction
Osmotic transport characteristics of membranes are strongly influenced by the presence of unstirred concentration boundary layers adjacent to the membrane (Pedley 1983) . As first demonstrated by Dainty (1963) , these boundary layers lead to a decrease in the efficiency of the osmotic pumping process. To see this, consider an ideal semipermeable membrane (i.e. a membrane permeable to solvent molecules but impermeable to solute molecules) separating two solutions of the same solute at different bulk concentrations, say zero and unity, as shown in figure 1(a). If there were no transport of solvent across the membrane, these concentrations would persist all the way to the membrane. However, if there is a flux J of solvent due to osmosis across the membrane from the region of low concentration (say the left side) to the region of high concentration, the solutes will be pushed away from the membrane on the high-concentration side of the membrane. As a result, the concentration of solute in the vicinity of the membrane on the high-concentration side will be lower. The concentration difference between the two sides of the membrane is thus decreased, and this in turn reduces the magnitude of the osmotically driven flux J , which in the absence of hydrostatic pressure differences across the membrane is given by 1) according to the standard equations of non-equilibrium thermodynamics (Landau & Lifshitz 1980) . Here, J is the volume flux per area per unit time, γ is the solute concentration immediately to the right (high concentration) side of the membrane, and both quantities are non-dimensional as described in § 2.1. A large number of papers have presented both experiments (see e.g. Pohl 1998) and theory (see e.g. Pedley 1978 Pedley , 1980 Pedley , 1981 Pedley , 1983 Aldis 1988) for the situation described above. Most of these workers have focused on the case where the solutions on both sides of the membrane remain well stirred such that a well-defined boundary layer exists. For a number of different geometries, the thickness of the boundary layer has been determined as a function of systems parameters, and the functional dependence on the osmotic pumping efficiency γ has been found.
A major limitation of the above theoretical and experimental work is, however, that it is concerned only with situations in which the solutions on both sides of the membrane remain well mixed due to an external stirring mechanism. In nearly all the cases, it is assumed that the flow generated by osmosis through (1.1) is negligible in determining the bulk flow, and only of significance close to the membrane.
The goal of the present work is to examine theoretically the situation in which the advecting bulk flow is itself driven by (1.1) and no external stirring is present. An important example, the one that inspired this work, is the flow in phloem cells of plants, where the osmotic pressure differences are believed to be responsible for the flow of the sugar solutions (the so-called Münch mechanism) (see e.g. Thompson & Holbrook 2003; Jensen et al. 2009) . In this paper, we compute the concentration and flow profiles for various simple geometries. For these systems, we will show that no localized boundary layer exists, and second that the drop in concentration γ can be calculated by a simple mathematical relation valid across a wide range of geometries and Péclet numbers.
Governing equations and geometries
In the analysis of the problem described above, we shall consider steady osmotically driven flows confined between two infinite parallel plates at low Reynolds numbers. We thus consider systems such as those sketched in figure 2(a-c) , and explained further in § 2.3, in which a solute of concentration c is diffusing and being advected by a velocity field u, arising due to an osmotic flow across a membrane (indicated by dashed lines).
Non-dimensional variables
To simplify the mathematical expressions, we are using non-dimensional variables throughout this paper. The explicit scalings are: lengths are given by the plate-toplate distance h; concentrations are in units of the characteristic concentration c 0 ; velocities are given by the characteristic osmotic velocity u 0 = L p RT c 0 , where L p is the permeability of the membrane, R is the molar gas constant and T is the absolute temperature. Moreover, pressure is given in terms of shear-stress pressure
The Reynolds number is given by Re = ρu 0 h/η 1, so we treat only Stokes flow in this paper. The Péclet number is given by Pe = u 0 h/D, where D is the diffusivity of the solute. In most cases, we assume that Re 1, while Pe is finite which implies that the Schmidt number Sc = η/ρD is very large. This is consistent with the situation in plant cells, where the Schmidt number is of order 10 4 .
2.2. Steady-state equations of motion -Stokes flow The equations of motion governing the velocity field u = (u, v) and pressure field p are the Stokes equation and the continuity equation
The equation governing the concentration field is
The velocity boundary condition at the membrane interface Ω is that the normal velocity component n · u is given by
The concentration boundary condition is that the normal component of the solute flux across the membrane must be zero, i.e.
Solutions to (2.1)-(2.5) for arbitrary geometries are not readily available. Thus in § 3 we study full numerical solutions to our problem, and from the observed behaviour of these we establish and verify approximate analytical solutions in § 4. 
Geometries
We consider the three geometries shown in figure 2. Outside the indicated membranes a solution of concentration c = 0 is present. First, in figure 2(a), left-right symmetric flow between two parallel plates separated a non-dimensional distance of 1 is analysed. At the upper plate, a source region of length 2 m is kept at a constant concentration c = 1. On the lower plate, facing the constant concentration zone, is a membrane (indicated by the dashed line) also of length 2 m . Second, in figure 2(b), up-down symmetric flow between two parallel plates (separated by a distance 1) with a solidwall source region (c = 1) at a right angle to the membrane is considered. The length of the membrane zone is (b) m , and the distance from the source region to the membrane region is H . Finally, in figure 2(c), left-right and up-down symmetric flow around a solid cylinder of radius r embedded exactly half-way between two plates (separated by a distance 1) is considered. At the surface of the cylinder is a source region (c = 1). The length of the membrane zone is (c) m . At the cylinder surface we impose a no-slip boundary condition.
In the following, we will investigate geometry (a) analytically and numerically, while geometries (b) and (c) will only be considered numerically.
Numerical results for the left-right symmetric parallel-plate problem
The steady-state behaviour of the systems shown in figure 2 was solved using the numerical methods described in Appendix A. The figure shows typical concentration and velocity profiles obtained in this way. Varying the Péclet number Pe, a number of such simulations were made and the following qualitative observations were made.
In geometry (a), for P e 1, the concentration in the membrane zone (0 < x < m ) hardly varies at all along the x direction, and the variation along the y direction is linear. This is illustrated in figure 3 which shows cross-sections taken along the y direction at four different x values. For x > m the concentration is flat, having been smoothed by diffusion. Near x = m a transition takes place between the linear concentration gradient and the flat concentration plateau near the outlet. This is illustrated in figure 4 , where cross-sections taken along the x direction are shown.
To quantify the efficiency of the osmotic pumping process, we calculate the mean concentration at the membrane γ as a function of the Péclet number Pe, plotted in figure 1(b). For small values of Pe, γ tends to the inlet concentration c = 1. This is reasonable since any depletion of the membrane concentration would be counteracted by the strong diffusion. For larger values of Pe, equilibrium between diffusive and advective forces leads to values of γ < 1 thus reducing the efficiency of the osmotic pump.
One further observation is, as shown in figure 3 (e-f ), that the velocity field u = (u, v) is well described by a squeeze flow (Bruus 2008) :
Despite the richness found in the numerical solutions illustrated in figure 1(b) and figures 2-4, the system can be described theoretically using a few simple assumptions regarding the flow and velocity field at very low Péclet numbers. From there, the solutions can be extended using perturbation methods to be valid across a wider range of parameter values.
Theory for the left-right symmetric parallel-plate problem
Inspired by the qualitative results discussed above, we will begin by modelling the concentration profile of figure 2(a) using that for P e 1 the concentration profile is linear in the membrane zone. Near the outlet, the concentration profile is flattened by diffusion and the resulting concentration value is simply the mean of the values at the source region and at the membrane:
To estimate the concentration at the membrane γ , we use the boundary condition (2.5):
With (4.1) this leads to
an expression which does not, except for the length scale h in the Péclet number, depend on the specific geometry. Figure 1(b) shows the numerical results compared with (4.1) and (4.3).
4.1.
A detailed look at the concentration profile for x < m For Pe > 1, the assumption of a linear concentration profile given in (4.1) is no longer valid. To determine a more accurate concentration distribution in the membrane zone, we consider the equation governing the concentration field: The boundary conditions are that c = 1 on the top boundary and that c = γ on the membrane. We will assume that the terms ∂ 
12) with negative values of λ 1 and λ 2 . The most important eigenvalue is the one with the smallest absolute value since it will determine the asymptotic decay. It seems likely that this eigenvalue is associated with the lowest modes and thus it should be given as λ * = 1 2 A 11 − (A 11 ) 2 + 4π 2 . (4.13) In the limit Pe 1, we find that λ * −π. Taking the first-order result (4.10), we find P eγ
(1) → 20/7 for Pe 1, which implies that A 11 = (20/7) m (1 − 3/π 2 ). As long as m is not too large (i.e. when A 
Results from other geometries
To test the validity of (4.3) for geometries other than figure 2(a), for which it was originally derived, we show in figure 5 numerically obtained values of the mean membrane concentration γ N plotted against Pe for the geometries found in figure 2(b) and (c). In figure 5(a) , γ N is plotted against the usual Péclet number, while in (b) it is plotted against the rescaled Péclet number
where H is the minimum distance between the membrane and the constant concentration zone in units of the plate-to-plate distance h, as indicated in figures 2(b) and 2(c). As is clearly seen, the data collapse is significant when using P e . The result obtained in (4.10), while only valid for geometry (a), is shown for comparison. The fact that the data collapse even for geometry (b) is surprising, since there the gradient from the source region to the membrane region is along the x direction and therefore (2.3)-(2.5), which even to lowest order in Pe constitute a highly nonlinear problem, do not directly reduce to (4.2). We interpret the data collapse as being due to the fact that the concentration gradient in the x direction induces a gradient of equal size in a direction normal to the membrane, in this case the y direction. This can be seen directly in figure 6 , where the concentration x-derivative ∂ x c is constant (−0.33 in this case) in the region separating the source and membrane zones, and equal to the y-derivative of the concentration ∂ y c at the membrane interface.
This shows that the relative orientation of the source and membrane regions does not play a large role in determining the flow. This, however, is hardly surprising since one would not expect e.g. a change in orientation of the membrane to strongly influence the inflow at a given concentration, at least when the non-dimensional separation distance H is much larger than unity. The mathematical reason is presumably that the concentration field to lowest order in Pe satisfies the Laplace equation ((2.3) with u = 0) and thus that the integral of (∇c) 2 over the domain is 
Conclusion
In this paper, we have studied new solutions to osmotically driven flow problems, where the distribution and fluxes of solutes and liquid have generated self-consistent flow and concentration patterns. We have presented a general analytical solution method, and have applied this method to a specific example, obtaining detailed knowledge of the flow-and concentration fields in the parallel-plate geometry (cf. figure 2a) . This geometry has also been studied numerically, and we find good agreement between our analytical solution method and the numerics. Further, we have studied two topologically different geometries numerically varying the governing parameter, the Péclet number, by eight orders of magnitude. Using a scaled Péclet number, we obtain a data collapse over all eight orders of magnitude. This shows that while the detailed nature of the solutions depends on the geometry in question (cf. figure 2a-c) , the osmotic pumping efficiency is largely independent of the geometry, as long as the correct length scale for the problem is chosen. 
Appendix A. Numerical methods
The problem posed by (2.1)-(2.5) was solved using the commercial finite element (FEM) software package COMSOL Multiphysics 3.4. See, for example, Jensen, Stone & Bruus (2006) for a detailed discussion of applying the FEM method to solve Stokes flow problems. To validate our numerical code, we used the analytical solution provided by Pedley (1981) for a shear flow above a membrane. Figure 7 shows a comparison between our numerical method and Pedley's analytical solution. 
Appendix B. Solution of the diffusion-advection eigenvalue problem
The matrix elements A nm in § 4.2 are 
from which the coefficients c n can be determined to obtain the solution to (4.11). Figure 4 shows the results for N = 20, Pe = 0.1 and Pe = 100 plotted together with the corresponding numerical solutions. Across the whole range of Pe values, we find good agreement with the numerical results.
